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1. INTRODUCTION 
Let u satisfy Laplace’s equation in an open ball B in En. In view of the 
physical interpretation of II as describing a steady-state situation, it seems that 
u should be determined, in some sense, by conditions at the boundary of B. 
This is obviously the case when u is continuous in the closure of B. More 
generally, the results of Cimmino [l] and Lions and Magenes [2] show that 
an arbitrary harmonic function in B is uniquely determined by a distribution 
on the boundary. This distribution is not, however, in the class of generalized 
functions considered by Schwartz [3] but is locally of infinite order. A satis- 
factory physical interpretation of such a distribution appears to be lacking. 
Thus, since many physical quantities inherently satisfy a one-sided bound, it 
is interesting to note that the Herglotz theorem essentially states that the 
boundary distribution of a positive harmonic functions is of order zero- 
a positive measure. 
In this paper we inquire about the boundary distributions of positive 
solutions of more general elliptic equations. Indeed, we shall show that 
classical regularity assumptions on the coefficients of a second-order elliptic 
operator permit us to associate with each positive solution (in a sufficiently 
smooth bounded domain of En) a positive boundary measure which uniquely 
determines the solution. When the solution is continuous in the closure of the 
domain, the associated measure essentially coincides with the restriction 
of the solution to the boundary. This leads to a Green’s kernel representa- 
tion of positive solutions in terms of their associated boundary measures. 
Using Fourier techniques, F. Riesz [4] established this for positive harmonic 
functions in the unit disc. Using a method fundamentally different from ours, 
Maria and Martin [5] obtain a representation for positive harmonic functions 
in more general regions of En. 
This paper is partially the outgrowth of some stimulating discussions the 
author has had with Prof. Jim Douglas and Prof. B. F. Jones. Some sugges- 
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tions of Prof. P. D. Lax for improving the original manuscript are gratefully 
acknowledged. 
2. PRELIMINARIES 
Let G be a bounded domain in En whose boundary S = bd(G) is a hyper- 
surface of class C2+h. (That is S is an (n - 1)-manifold, represented locally 
by functions with Holder continuous second derivatives.) Assume that G 
is on one side of its boundary; so there is a unique normal vector to G at each 
boundary point. Let L be the differential operator defined by 
where aji = aij , aij E Cl+h(G), and there exists a positive number r such that 
for all x E G and all real numbers t, ,..., t, . 
Let C!+A(G) denote the class of all Holder continuous functions having 
compact support in G. The test function space P(G) is defined to be the class 
of all functions v in C2(G) n Co(e) such that v = 0 on S and Lv E C:+‘(G). 
The well known existence and regularity theorems of Schauder [6, p. 871 
imply that P(G) C C2+h(G) and U(G) = Czth(G). Let d/dn, denote the 
conormal boundary operator 
where n is the outward normal to G. 
3. A GENERALIZED DIRICHLET PROBLEM 
Let f  be a continuous function on 5’. If u is the solution of the Dirichlet 
problem 
Lu = 0 in G, u=f on S, 
then the divergence theorem implies that 
I uLv dx = G I (3.1) 
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for all functions v in P(G). By way of (3.1) it is possible to introduce a wider 
class of boundary data by substituting a finite measure dm for the continuous 
density fds. Indeed, suppose that u is a function in C2(G) which satisfies 
s 
ULV dx = 
s 
-@-dm 
G s & (3.2) 
for every v E P(G). (Ob serve that since Lo has compact support, and dv/dn, 
is continuous, both sides of (3.2) make sense.) 
First we observe that u satisfies Lu = 0 in G. Indeed, since C,“(G) C P(G), 
(3.2) holds for any v E C:(G). But if ZJ has compact support in G, the right 
hand side of (3.2) vanishes. Since L is self-adjoint this implies that u is a weak 
solution of Lu = 0. But then u is a classical solution since u E C2(G). 
Also, u is unique. If w E C2(G) also satisfies (3.2) for all v E P(G), then 
sf (u - w) g dx = 0 for all g E Czfh(G) = LP(G). Since Cz+h(G) is dense in 
L (G) we must have u = w in G. 
By uniqueness and (3.1) it follows that if dm = f& for some continuous 
function f on S, then u must coincide in G with the classical solution of the 
Dirichlet problem. (3.2) therefore defines a generalized Dirichlet problem for 
G with boundary data dm. In the following sections we are interested in an 
inverse problem: given a solution u of Lu = 0 in G, iind a measure dm on S 
such that u is the solution of the generalized Dirichlet problem with boundary 
data dm. 
4. POSITIVE LINEAR FORMS 
Let H(S) denote the class of all functions on S of the form dv/dn, , 
v E P(G). It follows from the remarks in Section 2 that H(S) is a linear sub- 
space of C(S). (In fact, H(S) C C1+A(S).) If f E H(S), there is a v E P(G) 
such that dv/dnL = f .  v is not unique since we can make a smooth alteration 
of v on any compact subset of G and still have dvldnL =f. However, if 
Lu = 0 in G, then the integral SC uLv dx is independent of the particular 
choice of v E P(G) so long as dvldn L = f .  Given f  E H(S), let V~ denote any 
function in P(G) such that du,ldn, = jI 
LEMMA 3.1. Let u satisfy Lu = 0 in G. Then the correspondence 
f  -+ SC uLvf dx uniquely de$nes a linear form on H(S). 
PROOF. Suppose vi and v2 are in P(G) and dvl/dnl = dv,/dn, . Let 
v = vi - v2 . Then v = 0 on S and dv/dnL = 0 on S. So by the ellipticity 
of L, grad (v) = 0 on S. Since Lv = 0 in Ni n G for some neighborhood Ni 
of S (Lo has compact support in G), Calderon’s uniqueness theorem for the 
POSITIVE SOLUTIONS 165 
Cauchy problem [7] implies that v = 0 in N n G for some neighborhood N 
of S. Since v therefore has compact support in G, 
s 
ULV dx = s 
vLu dx = 0. 
G G 
Therefore JG uLv, dx = JG uLv, d x, and uniqueness is established. Linearity 
is obvious. 
Let T,, denote the linear form considered in Lemma 3.1: 
TJf) = s, uLv, dx. W e are particularly interested in conditions which 
permit T,, to be represented by a measure dm on S, for in this case 
TU$ = lGuLvdx = j+&dm, 
and therefore u is a solution of the generalized Dirichlet problem with bound- 
ary data dm, as discussed in Section 2. 
LEMMA 3.2. I f  T is any linear form on H(S) such that T(f) > 0 for all 
f > 0 in H(S), then there is a measure dm on S such that T(h) = Js h dm for 
all h E: H(S). 
PROOF. Obviously H(S) contains functions f > 0; so H(S) intersects the 
radial kernel of the cone of non-negative functions in C(S). Therefore T can 
be extended to a non-negative linear form on C(S) [8, p. 201. The Riesz 
representation theorem states that such linear forms can be represented by 
non-negative measures on S [9, p. 2471. 
Lemma 3.2 can be strengthened slightly. Suppose T is a linear form on 
H(S) such that T(h) > 0 for all h E H(S) satisfying the strict inequality 
h > 0. Let f 3 0. Let h > 0. Then for any Y > 0, f + rh > 0; so 
0 f T( f + rh) = T(f) + rT(h). Letting Y -+ 0 we see that the hypothesis 
of Lemma 3.2 is satisfied by T. We are ready now to prove the main result. 
THEOREM 3.3. If u E F(G), u > 0, andLu = 0 in G, then there is a non- 
negative measure dm on S such that JG uLv dx = J, dvldnl dm for all v E P(G). 
PROOF. Let f E H(S), f > 0. It suffices to show that T,(f) 2 0. Let 
v E P(G), dv/dn, = f. Then by the ellipticity of L we also have dv/dn > 0, 
where djdn denotes differentiation in the direction of the outward normal to 
G. Hence there exists a positive number r such that for all x E G satisfying 
dist (x, S) < r we have (1) v(x) < 0, (2) grad (v(x)) # 0, and (3) Lv(x) = 0 
(since Lv has compact support in G). Let 
s = max (V(X) : x E G and dist (x, S) = r). 
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Let s < t < 0 and consider the level surface 
S, = {x E G : dist (x, S) < r and W(X) = t}. 
Then S, is a compact hypersurface of class c2+h. Obviously S, n S = 4. 
Claim: St v S is the boundary of the strip 
G, = {x E G : dist (x, S) < r and t < V(X) < O}. 
It suffices to show that S, u S C G, . Let N be any neighborhood of a point 
of S. Then N intersects G. Thus N must contain points x such that 
t < V(X) < 0; so N intersects Gt , and it follows that S C G, . On the other 
hand, if N is a neighborhood of any point of S, , then it follows from the 
maximum principle [lo, p. 1511 that N must contain points x such that 
n(x) > t. Therefore N intersects Gt, which implies that St C G, . 
It follows now that S, is the boundary of the relatively compact open 
subset A = G - G, of G. Obviously dv/dn > 0 on S, , and therefore 
dv/dn= > 0 on St . Since Lv = 0 in G - A we have 









which was to be proved. 
5. BOUNDARY INTEGRAL REPRESENTATION 
Let E(x, y) denote the Green’s kernel for the homogeneous boundary 
value problems 
Lu=f in G, u =0 on S. (4.1) 
If f is uniformly Holder continuous in G, the solution of (4.1) is given by the 
integral 
The kernel E(x, r) satisfies L,E(x, y) = 0 for y # x, and E(x, y) = 0 for 
x E G, y E S. Thus E(x, .) is of class C2+h in (? - x for each x E G. Let 
F = aE/i?n, (differentiation with respect to y). Since E has an integrable 
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singularity at y = x, the usual integration by parts argument shows that the 
solution of the inhomogeneous boundary value problem 
Lu = 0 in G, u=5) on S, (4.3) 
for 4 sufficiently regular, is given by the boundary integral 
44 = jp Y) #Y> 4Y). (4.4) 
If x is a fixed point in G, let g be a function in Cw(LP) which vanishes in a 
neighborhood of x and equals 1 in a neighborhood of S. Then the product 
gE(x, .) is in the class P(G). Therefore d(gE)/dnL = F is in H(S) for each 
fixed x E G. 
THEOREM 4.1. If u E P(G), u > 0, and Lu = 0 in G, then there is a 
non-negative measure dm on S such that u has the representation 
U(X) = jsF(X. Y) WY). 
PROOF. The argument of Lax [ll] shows that u can be approximated in 
the topology of compact convergence on G by a sequence of functions 
eck E C2+h(G) satisfying& = 0 (k = 1, 2,...). It follows that rue(f) -+ Y’,(f) 
for every f E H(S). Let x E G. Taking f = F(x, .) it follows from (4.4) and 
Theorem 3.3 that 
u&4 = j,F(x, Y> 4~) d4y) = T#k -1) 
converges to 
as k + co, where dm is some non-negative measure on S. But also 
u*(u) + u(x) for each x E G. Therefore (4.5) holds. 
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